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Abstract
We estimate the beam-normal single-spin asymmetry in elastic lepton-proton scattering. In the leading-order approximation, such
an asymmetry is proportional to the imaginary part of the two-photon exchange amplitude and can be related to an integral over
the doubly virtual Compton scattering (VVCS) tensor. In our calculation, we account for the elastic contribution to the VVCS
tensor without resorting to the ultrarelativistic (UR) approximation. The approximation cannot be justified when the mass of the
lepton is comparable to the lepton’s energy. For example, scattering of a muon beam at energy of few hundred MeV need to be
analyzed beyond the UR approximation. Our beam-normal single-spin asymmetry predictions are presented in the kinematics of
the upcoming MUSE experiment.
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1. Introduction
In recent years, the proton form factor [1–3] and proton ra-
dius [4–6] puzzles have brought significant experimental [7–9]
and theoretical interest [10–25] to studies of the two-photon ex-
change (TPE) amplitude in elastic lepton-proton (lp) scattering.
As it turns out, the real (dispersive) part of the TPE amplitude
generates a correction to the Born cross section of unpolarized
electron-proton (e−p) scattering that is substantial enough to be
responsible for the proton form factor puzzle [10, 11, 26, 27].
Detailed knowledge of the TPE amplitude is also required in
order to ensure an accurate extraction of the proton radius from
unpolarized lp scattering. Finally, TPE and TPE-like (γZ box)
contributions manifest themselves in the extraction of the pro-
ton’s weak charge from parity-violating e−p scattering [28–31].
The TPE amplitude can be examined in polarized lepton-
nucleon (lN) scattering measurements by studying either a
beam- or target-normal single-spin asymmetry (SSA) [32–34].
To leading order, a normal SSA arises from the interference
of the absorptive part of the TPE contribution and that of the
one-photon exchange [32, 35]. A knowledge of the respective
absorptive part, in its turn, enables one to reconstruct the real
part of TPE through the use of dispersion relations [36–40].
The beam-normal SSA for the elastic scattering process
l↑N → lN, which we denote as Bly, is directly proportional to
both the QED coupling constant α and the lepton’s mass-to-
energy ratio (m/ε1). For this reason, one finds the beam-normal
SSA to be of order 10−6−10−5 for scattering of a polarized elec-
tron beam of GeV energy. An asymmetry of a similar order can
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be observed in parity-violating electron-nucleon scattering ex-
periments [41–49]. Measurements of the parity violating asym-
metry (APV ) involve a longitudinally polarized electron beam
and have been of significant interest for decades, as they pro-
vide a high-precision test of the Standard Model and enable
one to extract a strange quarks contribution to electromagnetic
form factors of the nucleon. The experimental apparatus used
for measurements of APV can be easily readjusted to perform,
additionally, measurements of Bey [50–56].
Unlike the beam-normal asymmetry, the target-normal SSA
for the elastic scattering process lN↑ → lN, which we denote
as ANy , is not suppressed by the lepton helicity factor m. For
this reason, one expects ANy to be of order 10
−3 − 10−2 for an
unpolarized electron beam of GeV energy scattered by a polar-
ized nucleon. To date, only one experiment reported a non-zero
ANy : the target-normal SSA on a neutron (A
n
y) extracted from
quasielastic electron scattering on a polarized 3He [57].
The greatest challenge in providing theoretical predictions
for both ANy and B
l
y is, in general, the dependence of the TPE
amplitude on the choice of parametrization for the intermedi-
ate hadronic state in the TPE loop. Briefly, in order to evaluate
the absorptive part of TPE, one usually employs the unitarity
property of the scattering matrix and relates the absorptive part
to the sum of all possible physical (on-mass-shell) intermedi-
ate states. At that point, it is common to separate intermediate
elastic and inelastic excitations of the target. The elastic contri-
bution can be evaluated analytically in terms of electromagnetic
form factors of the nucleon. A parametrization of the inelastic
contribution is model-dependent, and there is no universal the-
oretical framework valid at all kinematics.
The first normal SSA predictions that included the inelastic
excitation of the nucleon were obtained by De Rujula et al. in
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Refs. [32, 58]. Since then, a number of models that provide
parametrizations of the TPE inelastic contribution for various
kinematical settings have been developed [12, 33, 34, 59–63].
These models give predictions for ANy and/or B
l
y and are charac-
terized by a common feature - an assumption that the incoming
lepton is moving ultrarelativistically (ε1 ≫ m). The assumption
is perfectly justified for a sub-percent measurement of electron
scattering at electron energy ε1 & 50 MeV. However, when-
ever elastic muon-proton (µ−p) scattering is considered at beam
energy up to a GeV, the use of the ultrarelativistic (UR) approx-
imation cannot be vindicated in experiments performed with a
sub-percent accuracy.
In this letter we generalize the existing theoretical framework
for the description of the beam-normal SSA in elastic lp scat-
tering by not resorting to the UR approximation. Such a gen-
eralization is necessary in light of rapid development of muon
beams, which have recently found wide use in many areas of
science [64], including nuclear and hadronic physics. Because
of the muon-electron mass difference, one expects B
µ
y to be
∼ 0.5% at muon beam energy of 150 MeV. This means that ef-
fects due to transverse polarization of the muon (or anti-muon)
beam are substantial enough to be taken into consideration in
respective precision measurements of elastic µ±p scattering.
Our calculation of both Bey and B
µ
y accounts for the elastic
intermediate contribution in the TPE loop and can be used in
analyses of elastic ep and µp scattering measurements that are
performed below the pion production threshold. We study the
relevance of the lepton mass on the respective SSA, and our re-
sults are presented in the kinematics of the future MUon Scat-
tering Experiment (MUSE) [65, 66] at PSI. Muon beams at PSI
are produced though weak decays of charged pions, meaning
that muons are spin-polarized along their motion. Because of
the precession of the spin in the beam transport line, muons
develop a transverse polarization component. For this reason,
our results for B
µ
y may be used to estimate additional systematic
corrections to MUSE measurements coming from polarization
of muons. Besides this, we provide analytical expressions that
may be employed for a model-dependent calculation of the in-
elastic contribution to Bly for lepton-proton scattering above the
pion production threshold.
2. Elastic lepton-proton scattering with transversely polar-
ized beam
Let us consider an elastic scattering of a transversely polar-
ized lepton beam from an unpolarized proton target. The polar-
ization vector ~S of the incoming beam is oriented perpendicular
to its three-momentum ~k1 and is normalized to 1, |~S | = 1. Our
choice of a laboratory coordinate system is shown in Fig. 1,
where ~k2 is the three-momentum of the outgoing lepton, θ is the
scattering angle, and φ is the angle between the scattering plane
(xz) and ~S . The differential cross section for the respective scat-
tering process turns out to be dependent on φ and can be written
z
x
y
~k1
~k2
θ
~S
Lepton scattering plane
φ
Figure 1: Coordinate system used to define the transverse asymmetry in elastic
lp scattering process.
as [67]
dσT (φ) = dσU +
~S ·
(
~k1 × ~k2
)
∣∣∣∣~k1 × ~k2
∣∣∣∣ dσy
= dσU + dσy sin φ,
(1)
where dσU represents the differential cross section of unpolar-
ized scattering and dσy represents the differential cross section
of polarized scattering with the beam polarized along the nor-
mal to the lepton scattering plane (~S ‖ yˆ). Because of the φ
dependence of dσT , one may introduce a beam-transverse SSA
BlT (φ) =
dσT (φ) − dσT (φ + π)
dσT (φ) + dσT (φ + π)
= Bly sin φ, (2)
where Bly ≡ dσy/dσU is the beam-normal SSA, corresponding
to BT (φ =
π
2
). Eq. (1) may now be rewritten as
dσT (φ) = dσU
(
1 + Bly sin φ
)
. (3)
The importance of the beam-transverse SSA for an analysis
of unpolarized µ±p scattering can be understood if one consid-
ers the way µ± are produced and delivered to the target. In par-
ticle physics, muon and anti-muon beams are usually obtained
from decays of charged pions: π− → µ− + ν¯µ and π+ → µ+ + νµ.
The charged pions, in their turn, are produced in collisions of
protons with a fixed nuclear target. Because of the pseudoscalar
nature of π± [68] and left-handedness (right-handedness) of
νµ (ν¯µ), conservation of angular momentum prescribes that µ
−
(µ+), originated from respective decays of π− (π+), are 100%
longitudinally polarized. Usually, before the muon (anti-muon)
beam is delivered to the target, it goes through an intricate sys-
tem of external magnetic fields, in which the beam’s polariza-
tion vector is subject to a precession by the angle that is un-
known. As a result of the precession, the spin three-vector of
the polarized beam picks up a transverse component as relative
to its motion. The transverse component, as it can be seen from
Eq. (3), contributes to the observed cross section. In order to
minimize the uncertainty due to the respective component of
polarization of the beam in unpolarized µ±p scattering, it is re-
quired to register scattering events with φ-symmetric detectors.
Practically, this is not always the case (left-right detectors are
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not completely symmetric). As a result, effects due to the po-
larization of the incoming muon (anti-muon) contribute to the
systematic uncertainty of the measurement. Our calculation of
Bly provides means for an estimation of the respective uncer-
tainty in elastic and unpolarized l±p scattering.
3. Beam-normal SSA in elastic lepton-proton scattering
l(k1) l(k2)
p(p1) p(p2)
q1 q2
p(p1) p(p2)
l(k1) l(k2)l(K)
X(P )
µ β α
(a) M1γ (b) M2γ
Figure 2: One- and two-photon exchange diagrams for elastic lepton-proton
scattering.
Consider the following elastic lp scattering process:
l(k1, S l) + p(p1, S p) → l(k2, S ′l) + p(p2, S ′p), (4)
one- and two-photon exchange diagrams for which are shown
in Fig. 2. In order to provide invariant expressions, we use the
standard set of Mandelstam variables
s = (k1 + p1)
2, t = (k1 − k2)2 ≡ −Q2, u = (k1 − p2)2. (5)
The absorptive part of the TPE diagram, Fig. 2(b), is character-
ized by the intermediate lepton state with the four-momentum
K (K2 = m2) and the intermediate hadronic state X with the
four-momentum P. The invariant mass squared W2 of the
hadronic state is given by P2 = W2. The squares of four-
momenta of virtual photons in the TPE loop are given by
q21 = (k1 − K)2 = (P − p1)2 ≡ −Q21,
q22 = (k2 − K)2 = (P − p2)2 ≡ −Q22.
(6)
The beam-normal single-spin asymmetry in elastic lp scat-
tering is defined as
Bly ≡
dσy − dσ−y
dσy + dσ−y
, (7)
where dσy (dσ−y) denotes the differential cross section for the
unpolarized proton target and for the polarized lepton with the
polarization vector oriented parallel (anti-parallel) to the nor-
mal (yˆ) to the lepton scattering plane. The four-vector spin of
the incoming lepton is given by
S
µ
l
=
1
Ns
εµνρσp1νk1ρk2σ, (8)
where the normalization constant Ns is introduced to satisfy the
condition S 2
l
= −1. For scattering of massive leptons
Ns =
1
2
√
Q2
[
(M2 − s)2 − sQ2 − 2m2(M2 + s) + m4
]
. (9)
Following the derivation of Ref. [32] and applying it to the case
of the beam polarized normally to the lepton scattering plane,
one can find
Bly =
Im
( ∑
S ′p,S
′
l
,S p
T ∗
1γ
· Abs[T2γ]
)
∑
S ′p,S
′
l
,S p
∣∣∣T1γ∣∣∣2 , (10)
where T1γ and T2γ denote the respective one- and two-photon
exchange amplitudes.
4. One- and two-photon exchange contributions
The one-photon exchange amplitude, shown in Fig. 2(a) and
contributing to the asymmetry in Eq. (10), is given by
T1γ =
e2
Q2
u¯(k2, S
′
l )γ
µu(k1, S l)U¯(p2, S
′
p)ΓµU(p1, S p). (11)
The on-shell proton vertex Γµ is defined as
Γµ(Q
2) =
[
F1(Q
2) + F2(Q
2)
]
γµ −
(p1 + p2)µ
2M
F2(Q
2), (12)
where F1 and F2 are the Dirac and Pauli form factors. These
forms factors are related to the electric GE and magnetic GM
Sachs form factors via
GE(Q
2) = F1(Q
2) − Q
2
4M2
F2(Q
2),
GM(Q
2) = F1(Q
2) + F2(Q
2).
(13)
In our calculations of the beam-normal SSA we will use Kelly’s
parametrisation [69] for GE and GM .
In the one-photon exchange approximation, the differential
cross section for the unpolarized scattering process (lp → lp)
is identical to that with transversely polarized beam (l↑p → lp).
As a result, one may find that the square of the amplitude in the
denominator of Eq. (10), summed over final and averaged over
initial target spins, is given by
1
2
∑
S ′p,S
′
l
,S p
∣∣∣T1γ∣∣∣2 = 64π2α2
Q4
D(s, Q2), (14)
with
D(s, Q2) ≡ 1
4
(
(s − u)2 − Q2(4M2 + Q2)
)
×
(
F21 +
Q2
4M2
F22
)
+
1
2
Q2
(
Q2 − 2m2
)(
F1 + F2
)2
=
(
(s − m2)2 + M4 − (s − m2)(2M2 + Q2)
)
×
(
F21 +
Q2
4M2
F22
)
+
1
2
Q2
(
Q2 − 2m2
)(
F1 + F2
)2
.
(15)
The absorptive part of the TPE amplitude, which contributes
to the numerator in Eq. (10), can be evaluated by calculating
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the discontinuity of Fig. 2(b). It is convenient to perform such
an evaluation in the center-of-mass (c.m.) system, so that
Abs
[
T2γ
]
= e4
∫∫∫
d3 ~K∗
(2π)32ξ∗
Wαβ(p2, S
′
p; p1, S p)
Q2
1
Q2
2
× u¯(k2, S ′l)γα( /K + m)γβu(k1, S l),
(16)
where ξ∗ and ~K∗ are the c.m. energy and 3-momentum of the
intermediate lepton, correspondingly1. In addition, the TPE
hadronic tensor Wαβ(p2, S
′
p; p1, S p) is defined as
Wαβ(p2, S
′
p; p1, S p) ≡
∑
X
〈p2, S ′p|J†α(0)|X〉〈X|Jβ(0)|p1, S p〉
· (2π)4δ4(p1 + q1 − P),
(17)
where the sum goes over all possible on-shell intermediate
hadronic states X. It is convenient to relate the TPE hadronic
tensor to an operator Wˆαβ in spin space, defined as [70]
Wαβ(p2, S
′
p; p1, S p) ≡ U¯(p2, S ′p)Wˆαβ(p2, p1)U(p1, S p). (18)
The absorptive part of the TPE amplitude in Eq. (17) can now
be written as
Abs
[
T2γ
]
= e4
∫∫∫
d3 ~K∗
(2π)32ξ∗
U¯(p2, S
′
p)WˆαβU(p1, S p)
Q2
1
Q2
2
× u¯(k2, S ′l)γα( /K + m)γβu(k1, S l).
(19)
We should note here that the tensor Wˆαβ, defined as in Eq. (18),
corresponds to the absorptive part of the doubly virtual Comp-
ton scattering (VVCS) tensor Tαβ,
Wˆαβ = Abs
[
Tαβ
]
= 2 Im
[
Tαβ
]
. (20)
5. Beam-normal single-spin asymmetry calculation
The beam-normal SSA, Eq. (10), can be obtained by com-
bining Eqs. (11), (14), and (19),
Bly(s, Q
2) =
αQ2
8π2D(s, Q2)
∫∫∫
d3 ~K∗
2ξ∗
Im
(
LµαβHµαβ
)
Q2
1
Q2
2
, (21)
where the leptonic Lµαβ and hadronic Hµαβ tensors are defined
as
Lµαβ ≡
∑
S ′
l
u¯(k1, S l)γ
µu(k2, S
′
l )u¯(k2, S
′
l)γ
α( /K + m)γβu(k1, S l)
=
1
2
Tr
[
(/k1 + m)(1 + γ5 /S l)γ
µ(/k2 + m)γ
α( /K + m)γβ
]
,
(22)
Hµαβ ≡
1
2
∑
S ′p,S p
U¯(p1, S p)ΓµU(p2, S
′
p)U¯(p2, S
′
p)WˆαβU(p1, S p)
=
1
2
Tr
[
(/p1 + M)Γµ(/p2 + M)Wˆαβ
]
.
(23)
Figure 3: Allowed values of the exchanged photon virtualities are restricted to
be inside the ellipses. The upper panels correspond to electron scattering for
ε1 = 0.115 GeV (left) and ε1 = 3 GeV (right), and for three different values of
the c.m. scattering angle. Lower panels display the allowed range of the photon
virtualities for the case of muon scattering.
A Lorentz-invariant form for Eq. (21) can be derived by em-
ploying results of Appendix A and Appendix B. Using the no-
tations defined there, the intermediate photon phase space inte-
gration variables can be rewritten as
|~K∗max |∫
0
d|~K∗| = −
(
√
s−m)2∫
M2
dW2
2
√
s
Λs(m
2,W2)
λs(m2,W2)
,
∫∫
dΩK∗ = 2
1∫
−1
d cos θ∗1
π∫
0
dφ∗1
=
2
J
4s2
λ2s (m
2, M2)λ2s(m
2,W2)
Q2
1max∫
Q2
1min
dQ21
Q2
2max∫
Q2
2min
dQ22,
(24)
where
|~K∗max| =
√
(s + m2 − M2)2
4s
− m2, (25)
and Q2
1min
, Q2
1max
, Q2
2min
, and Q2
2max
are given in Appendix B. In
the upper panel of Fig. 3, we display the kinematical accessible
regions for the virtualities Q2
1
and Q2
2
in the phase space integral
of Eq. (24) for an electron beam of energy ε1 = 0.150 GeV (left
panel) and ε1 = 3 GeV (right panel). The phase-space regions
are provided for three different values of the c.m. angle. In
the lower panel of Fig. 3, we show the kinematical accessible
regions for virtualities of a muon beam of energy identical to
the one chosen for the case of electron scattering. As it can be
seen from Fig. 3, the integration limits are significantly reduced
1In our notations, all c.m. frame variables bear an asterisk symbol and cor-
respond to analogous laboratory frame variables not bearing this symbol. A
detailed description of the c.m. system that we work in is given in Appendix A.
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Figure 4: A beam-normal single-spin asymmetry as a function of the c.m. scattering angle at different momenta |~k1 | of an incoming beam.
when scattering of a massive lepton is considered. At ultrarela-
tivistic beam energy, however, the integration ellipses of muon
scattering tend towards the electron result (UR results can be
compared with those provided in Ref. [62]).
The beam-normal SSA may now be written as
Bly(s, Q
2) = − αsQ
2
8π2D(s, Q2)λ2s(m
2, M2)
(
√
s−m)2∫
M2
dW2
λs(m2,W2)
Q2
1max∫
Q2
1min
dQ2
1
Q2
1
Q2
2max∫
Q2
2min
dQ2
2
Q2
2
1
J(Q2
1
, Q2
2
,W2)
Im
(
LµαβHµαβ
)
.
(26)
Here we note that it is common to split the integral over the
variable W2 into two pieces
(
√
s−m)2∫
M2
(...) dW2 =
(M+mπ)
2∫
M2
(...) dW2 +
(
√
s−m)2∫
(M+mπ)2
(...) dW2, (27)
where mπ denotes the mass of a pion. The first term on the
right-hand side of Eq. (27) describes the elastic TPE excitation
(X = proton in Fig. 2(b)), whereas the second term describes
the inelastic TPE excitation (X , proton in Fig. 2(b)).
The integrations in Eq. (26) can be performed numerically.
The crucial input needed to perform respective calculations is a
parametrization of the tensor Wˆαβ contributing to the hadronic
tensor Hµαβ. Its inelastic part, Wˆ
in
αβ, is strongly dependent on the
kinematics of a particular measurement, and its parametrization
was beyond the scope of our analysis. The respective elastic
part, Wˆelαβ, in its turn, can be exactly parametrized via on-shell
electromagnetic form factors of the proton
Wˆelαβ = 2πδ(W
2 − M2)Γα(Q22)(/P + M)Γβ(Q21), (28)
with
Γβ(Q
2
1) =
[
F1(Q
2
1) + F2(Q
2
1)
]
γβ −
(P + p1)β
2M
F2(Q
2
1),
Γα(Q
2
2) =
[
F1(Q
2
2) + F2(Q
2
2)
]
γα −
(P + p2)α
2M
F2(Q
2
2).
(29)
Using the parametrization of Eq. (28), we performed the cal-
culation of the elastic contribution to the beam-normal SSA.
The calculation is model-independent, and its accuracy is lim-
ited only by our knowledge of the electromagnetic form factors
of the proton and by higher-order corrections to Eq. (10). Our
predictions are shown in Fig. 4 and they are mostly given for
the planned MUSE experiment.
Lepton mass effects in the calculation of the absorptive part
of the TPE amplitude can be studied by analysing the ratio of
the beam-normal asymmetries in elastic µ−p and e−p scatter-
ing. As it can be seen from the results that are shown in Fig.
5, the respective ratio turns out to be directly proportional to
the ratio of corresponding lepton masses at UR energies of an
incoming beam. On the other hand, whenever energy of the
incoming muon is comparable to the muon’s mass, the corre-
sponding SSA is found to be significantly smaller than the one
expected if the UR approximation was employed.
6. Conclusions
We calculated the elastic contribution to the beam-normal
single-spin asymmetry in elastic lepton-proton scattering. To
5
Figure 5: Ratios of B
µ
y/B
e
y and mµ/me functions of the c.m. scattering angle at different energies ε1 of an incoming beam.
leading order, the beam-normal SSA is generated by the ab-
sorptive part of interference between one- and two-photon ex-
change amplitudes. In our derivations, we do not resort to the
UR approximation and thus assure an accurate description of
lepton mass effects in their scattering by the proton target. Our
calculation is directly applicable to analyses of lepton scatter-
ing processes performed below the pion production threshold,
where only the proton intermediate state in the TPE loop is
allowed. The muon asymmetry for MUSE kinematics is esti-
mated at about 0.1% and it is the largest for scattering into a
backward hemisphere. In the MUSE experiment, the asymme-
try would manifest itself in azimuthal sinφ-modulation of the
scattering rates.
In Section 5 and Appendix B we provide the expressions that
can be used for a calculation of the respective inelastic contri-
bution in the TPE loop, whenever inelastic channels are open in
scattering of massive leptons. The approach employed in this
letter is based on unitarity and known values of proton form fac-
tors only and provides a modelindependent description of the
respective asymmetry. The asymmetries presented in Fig. 4 can
be used to determine systematic uncertainties due to transverse
polarization of the incoming beam in unpolarized lepton-proton
scattering.
In Fig. 5, we demonstrate that the ratio between the beam-
normal SSA in µ−p scattering and that in e−p scattering does
not reproduce the ratio between respective lepton masses at en-
ergies when the muon is massive. The observed distinction
stems from the lepton mass-dependence of the TPE amplitude.
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Appendix A. The center-of-mass system orientation, nota-
tions, and relations
Let us work in the c.m. system in which the initial proton
moves in the negative z direction, the scattering happens in the
xz plane, and θ∗ denotes the scattering angle. Moreover, let us
use the following notations for components of 4-vectors intro-
duced in Sec. 3:
k1 = (ε
∗
1,
~k∗1), k2 = (ε
∗
2,
~k∗2),
p1 = (E
∗
1,−~k∗1), p2 = (E∗2,−~k∗2),
K = (ξ∗, ~K∗), P = (Σ∗,−~K∗).
(A.1)
In the c.m. frame, the four-momenta of the incoming and out-
going lepton are given by
k1 = (ε
∗, 0, 0, |~k∗|),
k2 = (ε
∗, |~k∗| sin θ∗, 0, |~k∗| cos θ∗).
(A.2)
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The invariant form for the components of the inelastic pro-
cess
l(k1) + N(p1) → l(K) + X(P) (A.3)
can be written as
ε∗1 =
Λs(m
2, M2)
2
√
s
,
E∗1 =
Λs(M
2,m2)
2
√
s
, |~k∗1| =
λs(m
2, M2)
2
√
s
,
ξ∗ =
Λs(m
2,W2)
2
√
s
, |~K∗| = λs(m
2,W2)
2
√
s
,
Σ∗ =
Λs(W
2,m2)
2
√
s
,
(A.4)
where
Λx(y, z) ≡ x + y − z,
λx(y, z) ≡
√
(x − y − z)2 − 4yz.
(A.5)
The elastic process
l(k1) + N(p1) → l(k2) + N(p2) (A.6)
represents a special case (X = p and W2 = M2) of the inelastic
process (A.3). As a result, one finds that
ε∗1 = ε
∗
2 =
Λs(m
2, M2)
2
√
s
≡ ε∗,
E∗1 = E
∗
2 =
Λs(M
2,m2)
2
√
s
≡ E∗,
|~k∗1| = |~k∗2| =
λs(m
2, M2)
2
√
s
≡ |~k∗|.
(A.7)
Let us now define φ∗
1
to be the azimuthal angle of the lepton
for the process (A.3), and θ∗
1
and θ∗
2
to be the polar angles de-
fined as θ∗
1
≡ ∠(~k∗
1
, ~K∗
)
and θ∗
2
≡ ∠(~k∗
2
, ~K∗
)
, respectively. With
these definitions, the four-momentum of the intermediate lep-
ton can be written as
K = (ξ∗, |~K∗| sin θ∗1 cosφ∗1, |~K∗| sin θ∗1 sinφ∗1, |~K∗| cos θ∗1). (A.8)
Moreover, one may find that
cos θ∗2 = cos θ
∗ cos θ∗1 + sin θ
∗ sin θ∗1 cosφ
∗
1. (A.9)
The four-momentum transfer Q2 and virtualities Q2
1
, Q2
2
defined
in Eqs. (5) and (6), correspondingly, are then given by
Q2 = −(k1 − k2)2,
= −2m2 + 1
2s
[
Λ2s(m
2, M2) − λ2s (m2, M2) cos θ∗
]
,
(A.10)
Q21 = −q21 = −(k1 − K)2
= −2m2 + 1
2s
[
Λs(m
2, M2)Λs(m
2,W2)
− λs(m2, M2)λs(m2,W2) cos θ∗1
]
,
(A.11)
Q22 = −q22 = −(k2 − K)2
= −2m2 + 1
2s
[
Λs(m
2, M2)Λs(m
2,W2)
− λs(m2, M2)λs(m2,W2) cos θ∗2
]
.
(A.12)
Appendix B. Solid angle integral
Let us denote z ≡ cos θ∗, z1 ≡ cos θ∗1, z2 ≡ cos θ∗2. Using the
result of Eq. (A.9), we find
z2 = zz1 +
√
1 − z2
√
1 − z2
1
cos φ∗1, (B.1)
where z, z1, and z2 are given by
z =
Λ2s (m
2, M2) − 2s(2m2 + Q2)
λ2s(m
2, M2)
,
z1 =
Λs(m
2, M2)Λs(m
2,W2) − 2s(2m2 + Q2
1
)
λs(m2, M2)λs(m2,W2)
,
z2 =
Λs(m
2, M2)Λs(m
2,W2) − 2s(2m2 + Q2
2
)
λs(m2, M2)λs(m2,W2)
.
(B.2)
This means that
d cos θ∗1dφ
∗
1 = −
1
J
dz1dz2
= −1
J
4s2
λ2s (m
2, M2)λ2s(m
2,W2)
dQ21dQ
2
2,
(B.3)
where
J ≡
√
1 − z2 − z2
1
− z2
2
+ 2zz1z2. (B.4)
The integration limits in Eq. (25) turn out to be
Q21min =
Λs(m
2, M2)Λs(m
2,W2) − λs(m2, M2)λs(m2,W2)
2s
− 2m2,
Q21max =
Λs(m
2, M2)Λs(m
2,W2) + λs(m
2, M2)λs(m
2,W2)
2s
− 2m2,
Q22min =
Λs(m
2, M2)Λs(m
2,W2) − z2maxλs(m2, M2)λs(m2,W2)
2s
− 2m2,
Q22max =
Λs(m
2, M2)Λs(m
2,W2) − z2minλs(m2, M2)λs(m2,W2)
2s
− 2m2,
(B.5)
with
z2min = zz1 −
√
(1 − z2)(1 − z2
1
),
z2max = zz1 +
√
(1 − z2)(1 − z2
1
).
(B.6)
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